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The transformation behavior of shape memory alloys is simulated for complex loadings of stress, strain, and
temperature. Calculations are made by using the ‘‘Accommodation Model’’ which is a constitutive model
for shape memory alloys considering the accommodation behavior of the transformation strain. Calculated
results are given for the superelastic behavior, the shape memory effect, the transformation behavior under
temperature change with stress or strain holding, the structural behavior of a shape memory wire with a
bias spring, etc. The effect of the plastic strain on the transformation strain is also investigated.
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1. Introduction

In recent years shape memory alloys came to be used in
mechanical components of high performance. To evaluate the
deformation behavior of such components it is indispensable to
develop a constitutive model which can describe the transfor-
mation behavior of shape memory alloys under various thermo-
mechanical conditions. It is essential for a constitutive model of
shape memory alloys to describe the accommodation mecha-
nism which acts during phase transformation procedure. There
are a lot of constitutive models developed by Tanaka (Ref 1),
Tokuda (Ref 2), Brinson (Ref 3, 4), etc. which can successfully
describe transformation behavior of shape memory alloys. But
most of them are phenomenological ones with internal
variables through which the accommodation mechanism is
reflected in the models indirectly and there are few models that
can directly treat the accommodation mechanism which
controls transformation behaviors of microstructures of shape
memory alloys. The accommodation mechanism automatically
chooses transformation planes and directions which should be
active so that the internal stress caused by transformation
becomes smallest. One of such models that can treat the
accommodation mechanism directly was developed by the
authors (Ref 5, 6) and named as ‘‘accommodation model’’
where the equal strain assumption is employed to describe the
accommodation behavior in microscopic transformation

systems of crystals. An extended version of the model was
also presented to incorporate the plastic deformation in addition
to the transformation strain (Ref 7).

In the present paper, the outline of the proposed constitutive
model is described and results of sample calculations by the
constitutive model are given in order to demonstrate the ability
of the model for describing the deformation behavior of shape
memory alloys.

2. Constitutive Model

2.1 Outline of the Constitutive Model for Transformation

A constitutive model was proposed by the authors (Ref 5, 6)
to describe the inelastic behavior of shape memory alloys such
as Ti-Ni alloys where the main mechanism of the inelastic
behavior is the phase transformation under thermo-mechanical
conditions. In the constitutive model, a material point is treated
as an aggregate of many microcrystal grains with arbitrary
crystal orientations. Each grain has 24 transformation systems
(transformation plane and transformation direction) which are
peculiar to the crystal structure of the grain. The equal strain
assumption is used in the model to connect the stress-strain
relations of a material point to those of micrograins. Namely,
the microscopic strain of each grain is equal to that of the
macroscopic strain of the material. And the macroscopic stress
is represented as the average of stresses of grains. By using this
model, the compatibility of strains of grains is automatically
held in the material point. Figure 1 schematically shows the
equal strain model. The idea of the equal strain model has been
employed before in the modified fraction model (Ref 8) for the
inelastic (viscoplastic) behavior of metals under high temper-
atures and also is similar to that employed in the Taylor�s model
(Ref 9) for the plastic behavior of polycrystalline metals.

It is essential for a constitutive model to describe the
accommodation mechanism in the phase transformation process
of shape memory alloys. The equal strain model can success-
fully describe this mechanism. As the equal strain model is
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applied to transformation systems of each grain and the
transformation occurs in one of the transformation systems
which is located in the mechanically most favorite orientation
to transform, the stress relaxation occurs in that direction and
one of other transformation systems becomes to be the most
favorite to transform at a next loading step. The accommoda-
tion mechanism can be described in this way.

Moreover it is assumed that each micrograin is composed of
many sub-elements which are in equal stress state (equal stress
model or series model). And reflecting the structural variations,
the critical condition for the transformation of sub-elements of a
grain is assumed to be different each other to describe the work
hardening in the stress-strain curve for transformation. This
treatment is also shown to be useful for preventing the
instability in calculation procedure, which may be caused by
the onset at a time of large intrinsic transformation strains. So
the constitutive model mentioned here can be called as a
combined model where the equal strain model and the equal
stress model are combined. The whole image of the constitutive
model is schematically shown in Fig. 2.

2.2 Mathematical Formulation of Constitutive Model

It is assumed that the material is consisted of M crystal
grains with different crystal orientations and a grain is divided
into N sub-elements. The stress-strain relations defined in the
macroscopic coordinate system are given as follows by
referring to Fig. 2.

rkl ¼
XM

m¼1
Fm

�Cijkl;m

 !
eij �

XM

m¼1
Fm

�Cijkl;metrij;m; ðEq 1Þ

where rkl stress tensor of a material point, eij strain tensor of
a material point, eij;m strain tensor of mth grain, eeij;m elastic

strain tensor of mth grain, etrij;m transformation strain tensor of
mth grain, Fm volume fraction of mth grain, and �Cijkl;m aver-
age elastic modulus tensor of mth grain.

Following relations by the equal strain hypothesis are used
in deriving Eq 1.

eij ¼ eij;m ðEq 2Þ

eij;m ¼ eeij;m þ etrij;m ðEq 3Þ

Transformation strain of mth grain is assumed to be the aver-
age value of transformation strains of sub-elements as

etrij;m ¼
XN

n¼1
fmne

tr
ij;mn; ðEq 4Þ

where etrij;mn transformation strain of nth sub-element of mth
grain and fmn volume fraction of nth sub-element of mth
grain.

Average elastic modulus tensor of mth grain is represented
as

�Cijkl;m ¼
XN

n¼1
fmnCijkl;mn; ðEq 5Þ

where Cijkl:mn is elastic modulus tensor of nth sub-element of
mth grain.

Elastic modulus tensor is assumed to be isotropic in the
present paper. Also, following equations are given

XM

m¼1
Fm ¼ 1 ðEq 6Þ

XN

n¼1
fmn ¼ 1 ðEq 7Þ

An inverse relation of Eq 1 is given as

eij ¼
XM

m¼1
Fm

�Cijkl;m

 !�1
rkl þ

XM

m¼1
Fm

�Cijkl;m

 !�1

�
XM

m¼1
Fm

�Cijkl;metrij;m

ðEq 8Þ

2.3 Calculation Procedure to Obtain Stress of Material Point
Under Given Strain of Material Point

When the (total) strain of a material point is given, the stress
of the material point can be calculated as below. By the
assumption of equal strain, the strain of the grain is equal to the
strain of the material point. The elastic strain of each grain is
obtained by subtraction of the transformation strain from the
total strain of the grain, and by multiplying the elastic strain of
each grain with the elastic constant considering the volume
fractions of each phase, the stress of each grain is calculated.
According to the assumption of the equal stress, the stress thus
calculated is applied to all sub-elements of a grain. The
resolved shear stress acting on each transformation system of
each sub-element is calculated, and when the maximum value
of the resolved shear stress becomes larger than the critical
value, the transformation occurs in its transformation system
and the intrinsic transformation strain value is given to the sub-
element. Considering the volume fraction of the sub-element,

ε

ε

Fig. 1 Equal strain model for micrograins

ε

ε

Fig. 2 Combined model of equal strain model and equal stress
model for micrograins with sub-elements
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the average value of transformation strains of sub-elements is
given as the transformation strain of the grain. The stress of a
material point is the average value of stress of all grains with
volume fractions.

2.4 Intrinsic Transformation Strain

The intrinsic transformation strains are given for the
transformation system with the transformation plane perpen-
dicular to the third coordinate axis and the transformation
direction parallel to the first coordinate axis as

~e� ¼
0 0 ~c=2
0 0 0

~c=2 0 ~e

2
4

3
5; ðEq 9Þ

and sample values for Cu-Zn-Sn shape memory alloy has
been presented in Ref 10 as

~c ¼ 0:2; ~e ¼ �0:004 ðEq 10Þ

This equation shows that the normal component of the intrin-
sic transformation strain is not so large. So, referring to
Eq 10, values of

~c ¼ 0:2; ~e ¼ 0 ðEq 11Þ

are employed for simplicity in the present study. But when
the accommodation behavior is evaluated for the case of the
thermal-induced transformation under stress-free conditions,
normal component should be taken into consideration
(Ref 6).

2.5 Critical Conditions for Transformation (Ref 5, 6)

The transformation of shape memory alloys is mainly
controlled by the resolved shear stress on the transformation
plane. Here it is assumed that the transformation will occur
when the resolved shear stress on the transformation plane
equals to its critical value. Denoting the resolved shear stress as
s and the critical value of it as sM, the condition for the
transformation is represented as

s ¼ sM ðEq 12Þ

The condition for the reverse transformation is assumed to be
as

s ¼ sM � sC; ðEq 13Þ

where sC is a material constant. By treating that the reorienta-
tion of martensite variants will occur when the maximum
resolved shear stress in a transformation system of a sub-
element becomes larger by a certain amount than that of the
already transformed system in the same sub-element, the
reorientation condition can be written as

s ¼ sM and s � s Mð Þ þ sOR; ðEq 14Þ

where s Mð Þ denotes the resolved shear stress on the already
transformed plane and sOR is a material constant.

2.6 Temperature Dependency of Critical Stresses for
Transformation

In order to analyze the behavior of shape memory alloys
under various mechanical and thermal loadings, it is necessary
to give the temperature dependency of the critical stresses.
Because of the lack of experimental data, the linear and parallel

relations between temperature and critical stresses are assumed
as shown in Fig. 3, where Ms; Mf ;As and Af denote the
martensite start temperature, the martensite finish temperature,
the reverse transformation start temperature, and the reverse
transformation finish temperature respectively. The value of the
martensite transformation stress sM of ith sub-element of a
crystal grain at a temperature is set to be a value between
martensite start stress sMs and the martensite finish stress sMf at
the temperature as

sM ¼ sMs þ sMf � sMsð Þ i� 1

N
i ¼ 1 � N þ 1ð Þ; ðEq 15Þ

where N is the division number of a crystal grain to sub-
elements. Equation 15 means that the linear hardening prop-
erty of transformation of a crystal grain is assumed and equal
volume fractions of sub-elements are also assumed indirectly.
The linear hardening assumption is not necessarily correct.
But the main hardening property observed in the stress-strain
curve of the material is represented by redistribution behavior
of the stress in the polycrystalline material. Thus the influ-
ence of the linear hardening of the crystal grain or the nonlin-
ear hardening is not serious with polycrystalline material. It is
postulated that the same relation holds for sOR, namely,

sOR ¼ sOR1 þ sMf � sMsð Þ i� 1

N
i ¼ 1 � N þ 1ð Þ ðEq 16Þ

2.7 Condition for Plastic Deformation (Ref 7)

The plastic strain can be also described by the constitutive
model mentioned above. When the maximum resolved shear
stress s of slip planes in each crystal grain arrives at the critical
value sy (the yield stress), the plastic shear strain shall occur in
the direction of the stress. The yield condition is written as

s ¼ sy ðEq 17Þ

The temperature dependency of the yield stress and the strain
hardening properties are not considered here for simplicity.
The magnitude of the plastic strain increment is controlled by
the restriction of the surrounding grains. This situation is sat-
isfied by applying the equal strain model shown in Fig. 1.
For the present calculation, the slip planes are assumed to be
the same as the transformation planes. Though there are other
slip planes too in the body centered cubic crystal of shape
memory alloys, the calculations are carried out with consider-
ably high flexibility of the plastic deformation and it is
thought that the result shows a basic characteristic of the
plastic deformation.

Fig. 3 Temperature dependency of critical stresses for transformation
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2.8 Interaction of Transformation and Plastic Strain

It is recognized by the experiment that plastic strain causes
the degradation of transformation stress or the increase of the
transformation temperature. The degradation of the transfor-
mation stress depending on the plastic strain is explained
phenomenologically by introducing the effect that the plastic
strain in a slip system which is the same as the transformation
system causes the degradation of the transformation stress in
the same direction by an amount in proportion to the quantity of
the plastic strain.

To express the degradation of the transformation stress in the
calculation, the conditions for the transformation expressed as
Eq 12 and 13 are changed into as

s ¼ sM � p� cp ðEq 18Þ

s ¼ sM � sC � p� cp; ðEq 19Þ

where cp denotes the plastic strain, and p is a material con-
stant given tentatively as

p ¼ Em=10; ðEq 20Þ

where Em is Young�s modulus of martensite.

3. Sample Calculations

To demonstrate the validity of the constitutive model,
sample calculations are conducted.

3.1 Material Constants

Some of the material constants ( Ea; Em; sms; smf ) are
obtained from experimental data of Ti-Ni wires at 333 K.
Martensite start temperatureMs is obtained from the differential

scanning calorimetry (DSC) data of the material. Remaining
constants necessary for the analysis are tentatively determined
only for calculation purpose. Material constants used in the
present calculations are listed and shown in Table 1.

3.2 Calculation Procedure

The crystal orientations of micrograins are described with
Euler angles shown in Fig. 4. Considering the symmetry of the
crystal structure, only angles between 0 and p=2 are considered
in /, h, and w. Euler angles are divided by 6 in /, 3 in h, and 3
in w, respectively, for numerical computations in the present
case, and total 54 micrograins of different crystal orientation
constitute a material point. In the present calculation, the
division number N of a grain for sub-elements is set to be 1000.
Numerical calculations are conducted through an incremental
method by a strain control procedure and the magnitude of an
increment is employed to cause the transformation at one
transformation system.

3.3 Superelastic Behavior with Plastic Strain Effect

Calculated results for the superelastic behavior at 333 K are
shown in Fig. 5. In the small strain range the typical
superelastic behavior is shown in the figure. At larger strain
range, the plastic strain occurs and the residual strain can be
seen at zero stress. And the interaction effect that the plastic
strain causes the degradation of the reverse transformation

Table 1 Material constants for sample calculations

Young�s modulus of austenite Ea = 65.5 GPa
Young�s modulus of martensite Em = 14.1 GPa
Poisson�s ratio m = 0.3
Martensite start stress (333 K) sms = 151 MPa
Martensite finish stress (333 K) smf = 155 MPa
Constant for reverse transformation sC = 50 MPa
Constant for reorientation sOR1 = 30 MPa
Yield stress sy = 300 MPa
Martensite start temperature Ms = 282 K
Coefficient of plastic strain for interaction effect p = 1.41 GPa

Fig. 4 Euler angle
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Fig. 5 Uniaxial stress-strain curve under uniaxial loading and
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Fig. 6 Experimental stress-strain curve for superelastic Ti-Ni alloy
(Ref 10, p. 45)
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stress is successfully represented in the figure. These results are
reasonable in comparison with the experimental data shown in
Fig. 6 (Ref 10, p. 45). The experimental data shown in Fig. 6
were provided in the material which was different from the
material used for obtaining material constants in Table 1. Thus
the comparison between Fig. 5 and 6 has only a qualitative
meaning. And the size and the number of crystal grains within
the cross-sectional area of the wire are not subject of concern
because calculations in the present paper are limited to show
the applicability of the constitutive model in the cases of
uniaxial stress states and not in the case of actual thin wires.
When the deformation behavior of actual thin wires is
calculated, it should be necessary to investigate the interaction
effect of small number of crystal grains in the small cross-
sectional area and also the effect of the surface of the
specimens.

3.4 Shape Memory Effect

Figure 7 shows the three-dimensional plots for calculated
results for the shape memory effect. The initial conditions are
r ¼ 0MPa; e ¼ 0%, and T ¼ 280K which is the temperature
below the martensite finish temperature. The distribution of
martensite variants at the initial conditions is calculated
beforehand in the temperature decreasing process from the
temperature higher than the reverse transformation finish
temperature to the temperature lower than the martensite finish
temperature. In this calculation process, the normal component
of the intrinsic transformation strains (see Eq 10) becomes
important. The normal component of the intrinsic transforma-
tion has the great role on the accommodation behavior of shape
memory alloys in the case of the thermal-induced transforma-
tion under stress-free conditions (Ref 6). In the loading process
of e ¼ 0%! 6% at T ¼ 280K, the transformation behavior by
the reorientation of martensite variants is depicted in Fig. 7. In
the unloading process at T ¼ 280K, the elastic behavior is
shown with residual strain at zero stress, and this residual strain
gradually disappears under the stress-free condition with
increasing of the temperature of T ¼ 280K! 305K which
is the temperature higher than the reverse transformation finish
temperature. Thus the shape memory effect is calculated. A
jump is shown in the temperature-strain curve. But, this is due
to the poor resolution of the 3-D plotting machine. The smooth
response is obtained in the fine resolution plot. Figure 8 shows

the two-dimensional plots of the same results. Smooth relations
are obtained between strain and temperature showing the shape
memory effect.

3.5 Behavior for Temperature Change with Strain Holding

Figure 9 shows the stress response for temperature change
of T ¼ 333K ! 420K ! 333K with strain holding at
e ¼ 12%. The stress rise with the temperature increase is
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Fig. 7 Calculated results for the shape memory effect
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shown in the figure. This is because the critical stress for the
transformation becomes large according to the temperature
increase. This figure also shows the stress may rise as high as that
causes the plastic deformation in the strain-arrested structure.

3.6 Behavior for Temperature Change with Stress Holding

Figure 10 shows the strain response for the temperature
change of T ¼ 333K ! 280K ! 333K with stress holding of
r ¼ 100MPa. The strain variation with the temperature change
at a constant stress is depicted and a hysteresis loop is shown in
the projection on the temperature-strain plane. This figure may
be useful in understanding the response of the SMA actuator
acting under constant loading.

3.7 Response of SMA Wire Structure with Bias Spring

Figure 11 shows a wire structure of SMAwith a bias spring
fixed at both ends. This structure represents the simplest device
modeling a SMA actuator. The controlling equation of this
problem can be obtained as follows. Consider an equilibrium
state of the SMAwire and the bias spring in the structure shown
in Fig. 11 at a described temperature. The stress and the strain
acting on the SMAwire are denoted as r0 and e0, respectively.
When a change in the temperature occurs, the stress and the
strain also change. Their values are denoted as r and e,
respectively. The force F acting on the spring is written as

F ¼ Ar0 � k e� e0
� �

l; ðEq 15Þ

where A; k, and l are the area of the cross section of the
SMA wire, the spring constant of the bias spring, and the
length of the SMA wire, respectively. As this force is also
acting on the SMA wire, the stress r and the strain e of the
SMA wire is written as

r ¼ 1

A
Ar0 � k e� e0

� �
l

� �
¼ r0 � K e� e0

� �
ðEq 16Þ

e ¼ 1

Ê
r0 � K e� e0

� �� �
þ etr ðEq 17Þ

K ¼ kl

A
; ðEq 18Þ

where Ê is the average elastic modulus of the polycrystalline
SMA wire with the mixture of austenite phase and martensite

phase, and etr is the transformation strain. From Eq 17, the
strain e of the SMA wire is written as

e ¼ 1

Ê
r0 þ K

Ê
e0 þ etr

� �
= 1þ K

Ê

� �
ðEq 19Þ

The several values of K are adopted for sample calculations.
Results for the case of K ¼ 1:41GPa ¼ Em=10ð Þ are shown
in Fig. 12. Some convergence procedure is needed to obtain
numerical results of Eq 16 and 19. Loading paths are as
follows:

initial state: T ¼ 333K; r ¼ 0MPa; e ¼ 0%
path1: T ¼ 333K; r ¼ 0MPa! 100MPa The both ends
of the structure are fixed at the end of the path.

path2: T ¼ 333K ! 280K
path3: T ¼ 280K ! 333K

Figure 12 shows the response of the structure in the space of
stress, strain, and temperature. The stress behavior with the
temperature change is shown in the projection on the temper-
ature-stress plane. This figure shows the performance of the
device as an actuator. And the strain behavior with the
temperature change in the projection on the temperature-strain
plane shows that the device can also be available to a
temperature-driven position control system.

4. Conclusions

A constitutive model is proposed to describe the accommo-
dation mechanism in the transformation behavior of shape
memory alloys. The proposed constitutive model can predict
the transformation behavior including the plastic strain effect of
polycrystalline Ti-Ni shape memory alloys under various
thermal and mechanical loading conditions. To demonstrate
the validity of the constitutive model, sample calculations are
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conducted. Though the model is applicable to the case of the
multiaxial stress and strain, results of sample calculations
presented in the present paper are only for the uniaxial stress
and strain. Results for the multiaxial stress state will be
presented in the near future. Calculated results are given for the
superelastic behavior including the effect of the plastic strain,
the shape memory effect, the transformation behavior under
temperature change with stress or strain holding, and the
structural behavior of a shape memory wire with a bias spring.
This structure is the simplest model for SMA actuator driven by
thermal loading. As shown in Fig. 5-12, calculated results are
considered to be reasonable qualitatively. The applicability of
the proposed constitutive model to the deformation behaviors
of shape memory alloys under complex loading conditions of
stress-strain and temperature is thus proved. But discussions are
made only qualitatively because some of material constants
used in the calculation are not determined by the data obtained
experimentally. As the model is constructed in the microme-
chanical framework, the material data necessary for the
calculation are those of the microstructure of the material. It
is very difficult to obtain such data directly by macroscopic
experiments. Some indirect way may be required to determine
the material constant of the microstructure using the macro-
scopic experimental data of the material. Discussions on how to
obtain the material constants and the quantitative evaluation by
a direct comparison between calculations and experiments are
left to the future work.
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